Abstract. The following statements for an infra-Krull domain R are shown to be equivalent: (1) R is a Krull domain; (2) for any essentially finite w-module M over R, the torsion submodule t(M ) of M is a direct summand of M ; (3) for any essentially finite w-module M over R, t(M ) ∩ pM = pt(M ), for all maximal w-ideal p of R; (4) R satisfies the w-radical formula; (5) the R-module R ⊕ R satisfies the w-radical formula.
Introduction
Let R be a Prüfer domain and let M be a finitely generated R-module with torsion submodule t(M ). Then it is well known that t(M ) is a direct summand of M ([2, Corollary to Proposition VII. 4 .22] or [6] ). It was shown in [6, Theorem] that this proposition characterizes Prüfer domains. It was also shown in [9, Theorem] 
that this proposition characterizes Dedekind domains among one-dimensional Noetherian domains. More generally, for a finitely generated module M over an integrally closed Noetherian domain R, there is a pseudoisomorphism M ∼ = t(M ) ⊕ M/t(M ) ([2, Theorem VII.4.4]).
In [1] (resp., [13, Theorem 4] ) this result was extended to the case when R is a Krull domain, by using a homological argument, and also reformulated in terms of Gabriel topologies (resp., divisorial envelopes). As for the first characterization of a Krull domain, it is shown that for an infra-Krull domain R, R is a Krull domain if and only if for any essentially finite w-module M over R, the torsion submodule t(M ) of M is a direct summand of M , if and only if for any essentially finite w-module M over R, t(M ) ∩ pM = pt(M ), for all maximal w-ideal p of R.
On the other hand, the concept of radical formula for modules and rings was introduced in [11] (Definitions will be reviewed later). The question of what kind of modules and rings satisfy the radical formula was considered in [5, 8, 11] . In particular, it was shown in [11, Theorem 2] that if R is a principal ideal domain and M is a finitely generated R-module, then M satisfies the radical formula. In [5, Theorem 9] , this result was considerably extended to the class of Dedekind domains without any assumption on their modules, i.e., (every module over) Dedekind domains satisfy the radical formula. For the converse of [5, Theorem 9] , it was shown in [5, Corollary 13] that for a Noetherian domain of finite global dimension R, R is a Dedekind domain if and only if R satisfies the radical formula. It was also shown in [8, Theorem 3.3] that if R is a Noetherian domain of Krull dimension one and the R-module R ⊕ R satisfies the radical formula, then R is a Dedekind domain. As for the second characterization of a Krull domain, it is shown that for an infra-Krull domain R, R is a Krull domain if and only if R satisfies the w-radical formula, if and only if the R-module R ⊕ R satisfies the w-radical formula.
We first introduce some definitions and notations. Let R be an integral domain with quotient field K. Let I be a nonzero fractional ideal of R. Then
= {J | J is a finitely generated ideal of R with J −1 = R}, and I w := {x ∈ K | Jx ⊆ I for some J ∈ GV (R)}. We say that I is a divisorial ideal (resp., w-ideal) if I = I v (resp., I = I w ). A maximal w-ideal is an ideal of R maximal among proper integral w-ideals of R. Let w-Max(R) be the set of maximal w-ideals. Then it is easy to see that if R is not a field, then w- Let M be a module over a commutative ring R. Following [7, 17] , M is said to be GV-torsion-free (or co-semi-divisorial) if {x ∈ M | (ann R (x)) w = R} = 0, equivalently, if whenever Jx = 0 for some J ∈ GV (R) and x ∈ M , we have that x = 0. It is clear that every submodule of a GV-torsion-free module is GV-torsion-free. For a GV-torsion-free R-module M , the w-envelope of M is defined by A module M over an integral domain R is said to be codivisorial if the annihilator of every nonzero element a ∈ M (equivalently, the annihilator of every nonzero submodule of M ) is a divisorial ideal. It is trivial that if R is a Krull domain, then M is GV-torsion-free if and only if M is codivisorial. Any undefined terminology is standard, as in [3] or [4] .
Via direct summand
Recall the following definitions from [12] . Let R be a Krull domain and let M be a submodule of an 
if M = D(M ). It is also well-known that if R is a Dedekind domain, then every R-module is divisorial and that if R is a Krull domain, then M is divisorial if and only if M is a w-module.
The following is defined in [13, Definition 8] .
Let M be a module over a Krull domain R and let t(M ) denote the torsion submodule of M . Then M is said to be essentially finite if M/t(M ) is an R-lattice and t(M
, where X (1) (R) denotes the prime ideals of height one in R and l p (t(M ) p ) denotes the length of the R p -module t(M ) p . It is easy to see that a finitely generated R-module is essentially finite and that an essentially finite module over a Dedekind domain is finitely generated ([13, Remark 9] ). Now we extend the concept of essential finiteness to arbitrary integral domain in the following.
Definition. Let M be a module over an integral domain R. Then M is said to be essentially finite if M/t(M ) is an R-lattice and t(M
) p = 0 for almost all p ∈ w-Max(R) and l p (t(M ) p ) < ∞ for any p ∈ w-Max(R).
Theorem 2.1 ([12, Theorem 6]). Let M be an essentially finite module over a Krull domain R. Then D(M ) = D(t(M )) ⊕ D(M/t(M )).
Let R be an infra-Krull domain and let p ∈ w-Max(R). Then T := R p is of dim(T ) = 1 and hence T is t-linkative (cf., [7] ). Thus by [7, Theorem 9.2] every T -module is a GV-torsion-free w-module.
Note from [14, Theorem 6.1.8] that for a GV-torsion-free module M , M is a w-module if and only if whenever 0 → M → F → C → 0 is an exact sequence in which F is a w-module, then C is GV-torsion-free.
Lemma 2.2. Let (R, p) be a Noetherian local domain with
Proof. Assume that R is not a DVR and take x ∈ p \ p 2 . Then p ̸ = xR, and hence there exists a ∈ p \ (xR + p 2 ). Since dim(R) = 1, there exist b ∈ R and a natural number n with a n = xb in R. We may assume that n is the least natural number with a n ∈ xR. By our choice of a, n ≥ 2. Since
, and hence contradicting the hypothesis, showing that R is a DVR. Note that a n−1 (a, b) = (a n , a n−1 b) = (xb, yb) ∈ (x, y)R since we have a n = xb and y = a n−1 . Thus a n−1 (a, b) + (x, y)R = 0, and so (a, b) + (x, y)R ∈ t(M ). On the other hand, we have that (a, b)
1 r 2 x ∈ xR, which contradicts to the choice of n. Thus a = ∑ i p i r 1i ∈ p 2 , which contradicts to the choice of a.
Thus (a, b) + (x, y)R ̸ ∈ pt(M ). □

Note that an integral domain R is a Krull domain if and only if R is an SM domain and R p is a DVR for each maximal w-ideal p of R ([14]).
Theorem 2.3. Let R be an infra-Krull domain. Then the following statements are equivalent:
(
1) R is a Krull domain; (2) for any essentially finite w-module M over R, t(M ) is a direct summand of M ; (3) for any essentially finite w-module M over R, t(M
) ∩ pM = pt(M ) for all maximal w-ideal p of R.
Proof. (1) ⇒ (2). First note that for any divisorial R-module M , t(M ) is a divisorial R-submodule of M . Indeed, note that M/t(M ) is torsion-free, and hence codivisorial. Thus t(M ) is divisorial in M . Since M is divisorial, t(M ) is divisorial by [12, Corollary 1 to Proposition 6]. Now by Theorem 2.1 t(M ) is a direct summand of M . (2) ⇒ (3). The inclusion "⊇" holds for any ideal I of an integral domain R and any R-module M . For the other inclusion, if x
(3) ⇒ (1). Suppose that R is not a Krull domain. Then by the remark above, there exists a maximal w-ideal p such that R p is not a DVR. Thus we may assume R is a one-dimensional local Noetherian ring with the maximal ideal p. Thus by Lemma 2.2 R is a DVR, which is a contradiction. □
We remark that if we restrict this result to Dedekind domains, then Theorem 2.3 yields [9, Theorem].
Via w-radical formula
Let M be an R-module. A proper submodule P of M is called a prime submodule of M if whenever rm ∈ P for some r ∈ R and m ∈ M , then either m ∈ P or r ∈ (P : M ), where (P : M ) := {r ∈ R | rM ⊆ P }.
Lemma 3.1. Let p be a maximal w-ideal of an integral domain R and let
In the second case, let rx ∈ (pM ) w , where r ∈ R \ p and m ∈ M . Since p is a maximal w-ideal of R, (Rr + p) w = R. Therefore there exists J ∈ GV (R) such that J ⊆ Rr + p. Thus Jx ⊆ (Rr + p)x = Rrx + px ⊆ (pM ) w , and so x ∈ (pM ) w . Therefore (pM ) w is a prime w-submodule of M . Indeed, the first equality follows that M is finitely generated; the second and third equalities follow from [5, Theorem 9] and the fact that R m is a DVR; the fourth equality holds in general. Now by [17, Corollary 3 .10], we have w-rad(M )=(W (M )) w , and so M satisfies the w-radical formula, and thus R satisfies the w-radical formula.
Lemma 3.2. Let R be a domain of w-dim(R) = 1 and let
(2) ⇒ (3) This is obvious. □
